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　　　　　　　　　　　　　　　　　　　　　　　　　　　　Abstract

　　In　this　paper，　we 　consider 　a 　reverse 　convex 　programming　problem　constrained

by　 a　 convex 　set　and 　a　reverse 　convex 　set　which 　is　de行ned 　by　the　complement 　of

the　interior　 of 　a　 compact 　convex 　 set　X ．　When κ is　not 　necessadly 　a　polytope　in

the　problem，　an 　inner　approximation 　method 　using 　penalty　fUnctions　has　been　pro−

posed　by　Yamada ，　Tanino　and 　Inuiguchi［9］．In　this　paper ，　we 　show 　tha重 there　ex −

ists　an　exact 　penalty　parameter 　of　the　proposed　algorithm ．
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1．】【ntroduction

　　In　this　paper，　we 　consider 　a　reverse 　convex 　programming　problem　constrained 　by　a　con −

vex 　set　and 　a　reverse 　convex 　 set 　which 　is　 defined　by　the　complement 　 of 　the　interior　of　a

compact
　
convex

　set　X ．　When ，￥ is　a　polytope　in　the　problem ，　a　solution 　method 　using 　du−

ality　has　 been　proposed　（Horst　and 　Tuy 〔4］，
　Horst　and 　 Pardalos［5］，　Konno ，　Thach　and

T ・y ［6］・T・y ［8］）・D ・・lity　 i・ ・ne ・f　th・ m ・ ・t　p ・ w ・・fU1　 t・・1・ i・ deali・ g　with ・ gl・b・1 。P−

timization　problem　like　the　problem 　described　above ．　The 　dual　problem　to　the　problem　is

aquas1 −convex
　maxlmlzatlon 　problem　over 　a　convex 　set　and 　solving 　one 　of 　the　original

や まだ 　し ゅ う じ （経営 情 報 学 科 ）　　た に の 　て つ ぞ う　（大 阪 大 学 大 学 院
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and  the dual problems  is equivalent  to solving  the other  (Konno, Thach and  Tuy[6],

Tuy[8]). Since the feasible set of  the dual problem is a polytope, there exists  a vertex

which  solves  the dual problem. Moreover, since  the objective  function of  the dual problem

is the quasi-coajugate function of  the  objective  function of  the original  problem, fbr every

vertex,  the  objective  function value  is obtained  by solving  a  constrained  convex  minimiza-

tion problem. Consequently, an  optimal  solution  of  the original  problem is obtained  by

solving  a  finjte number  of  constrained  convex  minimization  problems. When  X  is not  nec-

essarily  a polytope, an  inner approximation  methed  incorporating with  a  penalty function

method  has been proposed by Yamada,  Tanino and  Inuiguchi[9]. The proposed algorithm

utilizes  inner approximation  ofX  by a sequence  of  polytopes to generate relaxed  problems.

  In this paper, we  show  that there exists  an  exact  penalty parameter of  the proposed inner

approximation  algorithm,  It follows from the existence  of  an  exact  penalty parameter  that

for a sufficiently  large initial penalty pararneter, an  optimal  solution  of  the reverse  convex

programming problern can  be  obtained  by executing  the inner approximation  algorithm

using  penalty functions without  replacing  a penalty parameter.

  The organization  of  this paper is as  fbllows: In Section 2, we  explain  a  reverse  convex

programming  problem, Moreover, we  descmbe an  equivalent  problem to the problem, and

its dual problem, where  equivalence  is understood  in the sense  that the sets of  optimal  so-

lutions coincide.  In Section 3, we  explain  an  inner approximation  algorithm  proposed by

Yarnada,  Tanino and  Inuiguchi[9]. In Section 4, we  explain  another  inner approximatien

algorithm  incorporating with  a  penalty function method  proposed  by Yamada,  Tanino and

Inuiguchi[9], In Section 5, we  show  that there exists  an  exact  penalty parameter of  the al-

gorithm explained  in Section 4.

  Throughout this paper, we  use  the fo11owing notation:  int .\; bd X  and  co  X  denote the

interior set of  X  C  R", the boundary set of  X  and  the convex  hull of  X; respectively.  Let

R- =RU  {- oo}  U  {+ oo}.  Let for a. bERn,] a, b[=  {x ER":  x=  a+  6 (b-a) , O<  6 <1, 6

ER}  and  ] a. b]={xER"i  x=a+6  (brra), O<6Kl,  6ER}.  Given a convex  polyhedral

set (or polytope) XCR",  VOO  denotes the set  of  all  venices  of  Xl For a subset  XCR",

XO={uER":  <u, x>  -<.1, VxEX}  is called  the polar set  of  iYZ Foranonempty  closed  set

XCR",  IVy<y) denote the normal  cone  to X  at  yEXL  For a  subset  XCR",  the indicator of

 X  which  is denoted by 6 ( ' ro is an  extended-real-valued  function defined as fo11ows:

           6ixLx' lt.. I･ilExX
Given a  functionf: R"  -  RU  {+oo}, the quasi-corljugate of.fff  is the function .fH defined

as follows:
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The gradient off  at x  is denoted by Vf(x)  and  the subdifferential  off  at x  by af(x).

2 A  Reverse  Cenvex  Programming  Problem

  Let us consider the fbllowing reverse  convex  programming  problem preblem:

            (Rcp) l!.:ibj'i,M,1
'Z,e.

 I(E')ixint 
x;

where  f: R"-R  is a cenvex  fUnction, X  is a compact  convex  set and  Y is a closed  convex

set  in R". In general, the  feasible set of  problem(RCjF')  is not  convex,  For problem(RCP),

we  shall assume  the fo11owing throughout this paper:

(Al) YXintl#=e.

(A2) For some  aER,  {xER" :f(x)7<..a}is  nonempty  and  compact.

(A3) .\i=  {xER" : lb･ (x) -<.O, y'--1,...,L\} and  }L[ {xER" : b･ (x)KO, J'--1,...,ty} where  n･ : R"-R(

     J'=1,.,.,ty)and ty : R".R9=:1,..,,tDare convex  functions, Moreover, there exists

      x\; xrER"  such  that pi (xpt)<09=1,...,tD and  b'(xD<09'=1,...,tv).

Let p(x)=ma)c,'-i,...,t.Jv'Cx) and  rix)=ma)ci･-.i,...,t,o'(x).  Then, from assumption(A3),  
.\i={x

E-R"  :pCx)rf<O},  Y-={xER"  :r(x)KO},  int X=  {xER" :p(;c).SLO} and  int Y=  {xER" :r

(x)KO}. From  assumption(A2),  the minimal  value  offover  R"  exists. Moreover, fbr any

 B>minif(x) 1xER"},  {xER":fCx){B}is  nonempty  and  compact.  From

assumption(Al),  there exists  a  feasible solution  x'  of  problem(RCP).  Then, problem(RCP)

is equivalent  to minimize  f(x) subject  to xE  (YXint .\) n  {xER" :f(x)Y<  (x')}. Since {x
E:-R" :f(x)Y<  (x')}is compact,  problem(RCP)  has an  optimal  solution.  Denote  by min

(RCP) the optimal  value  of  problem(RCP). Then,  we  have min(RCP)<+oo.  From

assumptions(Al)  and  (A2), Y  is nonempty  and  there exists  a minimal  solution  xO  off

over  Z  Then,  it is fairly easy  to find xO. In case  xeER"Xint  X;  xO  solves  problem(RCP).

In the other  case,  we  propose a  solution  method  in this paper, Throughout this paper, with-

out  loss of  generality, we  may  assume  the fbllowing:

(A4) p(O)<O  and  r(O).f{  O, that is, OEint  X  and  OEl  Mereover, OER"  is a minimal

     solution  offover  X

(A5) For  any  xE  (bd )O nY  and  rvEap(x),  {yER" : <w, y-x)>O}nint  Y:FO.

   By  using  the indicator of  }'; problem(RCP)  can  be reformulated  as
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            (Mp) (![ulibj

tieMci
'Zteo

 fEixR).xint 
x

where  g(x) : =f(x)
 +  6 (xlyt, The  objective  function g : R"-R  is a quasi-eonvex function.

From  assumption(A4),  we  have g(O)=inf{g(x) :xER"}.  The dual problem of  problem

(ne) is formulated as

             (..) l::.7abj

xg:,iz,e.

 :i
'

le5.u.).
Hence, by assumption  (A4) and  the principle of  the duality, XO is a compact  convex  set.

Furthermore, since  gH is a quasi-convex function (Konno, Thach and  Tuy[6], Chapter 2),

we  note  that problem (DP) is a  quasi-convex maximization  problem over  a compact  con-

vex  set  in R". Denote  by min  (MP) and  max  (DP) the optimal  values  of  (MP) and

(DP). respectively.  Since problem  (ne) is equivalent  to problern (RCP), we  have min

(MP)=min (RCP)<+oo. Moreover, it fo11ows from the duality relation  between prob-

lems (MP) and  (DP) that min  (MP)=Tmax (DP) (cf, Konno, Thach and  Tuy[6],

Chapter 4),

3 An  Inner  Approximation  Method  for Preblem  (MP)

3.1 Relaxed Problems  for Problems  (MP) and  (DP)

  One  of  the reasons  for difficulty in solving  problem (MP) is that X  is not  a polytope.

If X  is a  polytope, then the  feasible set  of  problem  (MP) can  be formulated as  the  union

of  finite halfspaces, In this case,  problem (MP) is fairly easy  to solve  by minimizing  g

over  every  halfspace.

    In this subsection,  we  discuss the fbllowing problem:

              (p) lr.ibj

'i,M,IZte.

 f[IXILx.i.t s,

where  S is a  polytope such  that SCX  and  OEint  S. Then, we  get R"Xint S)RnNxint .\1

Therefore, problem (P) is a relaxed  problem for problem (M]'). From  the  definition of  g,

we  note  that problem  (P) is equivalent  to mjnimize  f(x) subject  to xEYXint  S. Since

(YXint S) ](YXxint  l\) tO,  by assumption  (A2), a  minimal  solution  offon  YXxint S ex-

ists and  solves  problem  (P).Denote by min  (P) the eptimal  valuc  of  problem (P). Then,

we  have min  (P) <min  (MP) <  +  oo

    The  dual problem of  problem  (P) is fbrmulated as
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 :g`g',j
Since S C  X] the feasible set of  problem (D) includes )rv, Therefbre, problem (D) is a

relaxed  problem of  (DP). We  note  that the feasible set SO is a  polytope  because S is a

polytope  and  OEint  S. Hence, problem (D) is a quasi-convex maximization  over  a

polytope  SO. There exists  an  optimal  solution  of  problem (D) over  the set of  all vertices

of  SO. Denote by max  (D) the optimal  value  of  problem (D), Since problem (D) is the

dual problem of  problem (P) and  a  relaxed  problem of  problem (DP), we  obtain  max

(D) =
 
-min

 (P) .>.--min(MP)  =  max  (DP)>-  oo  (Konno, Thach and  Tuy[6] ,
 Chapter 4).

Consequently, we  can  choose  an  optimal  solution  of  problem (D) frorn V(SO). Since O

Eint  S, from the principle of  duality, we  have

      SO 
=:

 {uERn : <u, z>  f{g1, VzEV(S)}and  S=  {xERn : <u, x>K1,  VvE  V(S")}.

Hence, we  obtain OEV(SO).

  For any  vEV(SO),  we  have g"(v) =-inf{gCx)
 : <v, x>  .).).1}. From  the  definition of  g,

for any  vEV(S),

            g"(v) IIIi･:.;{f(.):<,, 
.>
 
2i,

 
.E
 
y}
 LfthllX)i,",fR": 

<v)
 
x>

 
2i}=q

This implies that vEV(SO)  is not  optimal  to problem(D) if Yn  {xER" : <v, x>  21}=e.

                             '

Lemma  3.1 [9] 77iere exists  vEV(SO)  such  that Yfi {xER": <v, x>  >1} =l=e.

  Denote  by F  the set of  all vEV(SC')  such  that Yn  forER"1<v, x>>1}=:e,  From

Lemma  3.1, F  
=l=O.

 For every  vE  F, we  consider  the fo11owing convex  minimization  prob-

lem:

          (sp(v)) II7.ibj

'i,M,i
'Zte.

 III'l)yn {.ERn: <v ,x>

 
>i}.

From  assumption(A2),  fbr every  vE  F,  problem (SP(v)) has an  optimal  solution  x".  Then,

we  have g"(v)=:-min(SP(v))=-f(xV),  where  min  (SP'(v)) is the optimal  value  of

problem (SP(v)). Hence, VE  F is an  optimal  solution  of  problem(D) iff(x")=min[f'(x")

 1vEV(SO)}.  Moreover, x"  is optimal  to problem (P) (Konno, Thach  and  Tuy[7],

Proposition 4.3). However,  it is hard to examine  whether  Yn  {xER": <v, x>  )ill} is empty.

This examination  is not  necessary  to execute  the inner approximation  algorithm  proposed

in Section 4.

bk#
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3.2 An  Inner Approximation  Algorithm

From  the discussion in Subsection 3.1, we  notice  that inner appreximation  of  X  by a  se-

quence of  polytopes is applicable  in solying  problem  (MP).

  The inner approximation  algorithm  proposed by  Yamada,  Tanino and  Inuiguchi[9] is as

fo11ows:

Algorithm IA

Initializatiom. Generate a  finite set Vi such  that ViCX  and  that OEint  (co Vi), Let Si

    =co  Vi. Compute  the vertex  set V((Si)U). For convenience,  let V((So)D) ==O,  Set k

    el  and  go to Step 1.

Step 1. Let Fk be the set of  all  vE  if((Sk)O) satisfying  Yn{xER":  <v, x>->.1}  iE:e. For

    every  vE  rkXV((Sk-i)O), let x' be an  optimal  solution  of  problem  (SP(v)). Choose

     vkE  Fk satisfying  fCx") =minY'(xV)  : vE  Pk. Let x(k)  =x".

Step 2.

    a. Ifp(x(k)).>..O, then  stop;x(k)  solves  problem  (MP) and  the optimal  va;ue  of  prob-

      lem (SP(")) is the optimal  value  of  problem (MP).

    b. Otherwise, solve  the fbllowing convex  minimization  problem:

             minimize  ip ix;") =max  lp (x), h(x, ")} (2)

            (             subject  to xERn

      where  h(x. vk)=-  <vk, x>  +1,  Let zk  denote an  optimal  solution  of  problem (2).

      It will  be proved later in Theorems 3.1 and  3.2 that problem  (2) has an  optimal

      solution  and  that zkEX;  respectively.  Set Vit+!=ltU {zk} . Let Sk+i==co lt+i. Compute

      the vertex  set V((Sl+i)O). Set kek+1  and  return  to Step 1.

  Note that Sk] k=1,2,,.., are  polytopes. Since OEint(co  Vi) 
==int

 Si, Sle, k=1,2,..., satisfy

that OEint  Sl. It fo11ows from the fo11owing theorems  that at every  iteration of  the  algo-

rithm, problem (2) has an  optimal  solution  and  Sk is contained  in XZ

Theorem  3.1 [9] hor aay  vER",  the jlinction di (x ; v)  attains  its minimum  over  R".

Theorem 3.2 [9] At iteration k ofAigorithm L4, assume  that Sle C  IY: 71Pien

  (V veint  XO  for aay  vEV((Sit)O).

  aij ¢ (s;").<o,

  fiiij zkEX

    From  Theorem  3.2 and  the  definition of  Si, we  have

    .S,CS,C-CSIC･-CX
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    e  (s,) oD
 (s,) oD･･･)

 (sk) 
oD･･･)xo.

Hence, for every  iteration k of  the algorithm,  the  following problems (Pk) and  (Dk) are

relaxed  problems of  (MP) and  (DP), respectively.

            (pk) (![.Iibj

'i,M,:
'Zte.

 
.gE(Xlnxint

 
sle,

            (Dk) I:uabj

xt:tizteo

 :
I

IE(ilisk),.
From  the discussion in Subsection 3,1, x(k)  and  vk obtained  in Step 1 of  the algorithm

solve  problems (Pk) and  (Dk), respectively,  Moreover,  we  note  that max(Dk-i)>max(Dk)

for any  kt.-2, that is,

     g"  (vi)> g"  (v2) )L'･'2 g" (") >-'''2max (DP), (3)
and  that  min(Pk-i)Kmin(llk)  for any  k>T2, that is,

     g(x(1))Kgix(2))K'''Kgix(k))K'-'Kmin(MP).  (4)

  Since g(x)=+oo  fbr any  xeX  x(k)  belongs te Z It fo]lows from the following theo-

rem  that x(k)  solves  problem(ILdT') ifpix(k))20.

Theorem  3.3 [9] At iteration k ofthe aigorithm,  x(k)  solves  problem(MP)  ij'p(x(k))->-O.

  For any  k, the  fo11owing assenions  are  valid.

   e  v(sle) c  lt.

   e  (Sk)O= {uERn : <u, z>  <1Xv2Elt}.

   
.  (sk.1)O= (sk)On {uERn : <u, zk>  <1}.

Moreover, the fo11owing lemma  holds.

Lemma  3.2 [9] At  iteration k ofAigorithm L4, ij"pCx(k))<O, then <,S zk>>1.

  From  Lemma  3.2, SZ+i=co(&U  {zk})tSte because SIC{x(-IR" : <vk. x> tL-1} and  <ve zk>

>1. Moreover, since  V(Sk-i) CV(Sle)  U  {"}, we  haye

     (sl.i)o= (sle)on{uERn: (u, zk>Kl}t(sk)o  (s)

Remark  3.1 At iteration k ofAigorithm L4, for aay  vEV((5:,+i)O)X.V((&)O).  <v, zk>  =1.

  It fo11ows from the fo11owing theorems  that accumulation  points of  the sequences  {x(k)}
and  {vk} are  optimal  solutions  ofproblem(MP)  and  (DP),respectively.

Theorem  3.4 [91 Assume  that {vk} is an  itztinite sequence  such  thatforail  k, vk  is an  op-
timal solution  pf (Dk) at  iteration k ofAigorithm Ld and  that  V  is an  accumulation  point

of {vk}. T7)en V  solves  problem  (DP). Furthermore, limk-oogH(vk)=max(DP).

-171-



Toyama College

NII-Electronic Library Service

ToyamaCollege

Theorem  3.5 [9] Assume  that  {x(k)} is an  injinite sequence  such  that  for all h  x(k)  is

an  optimal  solution  ofproblem (Pk) at iteration k ofAigorithm L4 and  that I  is an  accu-

mulation  point of {x(k)}. Zhen i  belongs to R"Xint  X  and  solves  problem (MP).

iileirthennore, limk-oog(x (k) ) =min
 (iLdP) .

4 An  Inner Approximation  Method  Incerporating  with  a  Penalty  Function Method

4.1 Underestimation of  the Optimal Value of  Relaxed ?roblems  by Using Penalty Functions

  In order  to obtain  an  optimal  solution  of  problem(Pk),  problem(SP(v))  has been selved

fbr each  vE  FkXV((Sle-i)O) at  every  iteration of  Algorithm IA discussed in Section 3. In

Subsection 3.1, we  remarked  that problem(SP(v)) is a convex  minimization  problem with

convex  constraints.  In this section,  we  explain  another  inner approximation  algorithm  incor-

porating with  a  penalty function method  proposed by Yamada,  Tanino and  Inuiguchi [9] .

By  using  penalty functions, problem(SP(v)) can  be transfbrmed  into an  uncenstrained  con-

vex  minimization  problem. That is, without  solving  problem(SP(v)) at every  iteration, the

algorithn  guarantees the global convergence  to an  optimal  solution  of  problem(ne).

Furthermore, the  problem is solvable  for every  vE  V((Sk) ")  . Hence,  by incorporating with

a  penalty function method,  the inner approximation  algorithm  does not  need  to generate

Fk  at every  iteration.

  Let SCXbe  a  polytope satisfying  OEint S. For any  vEV(S),  we  consider  the following

problem:

        (spl (., " ) ) lg1 
bj

"

 
i,M,
 i
'

 
Zte.

 
.LE･
 
"RSi)

 
=f(X)

 
+

 
U

 
e
 
v

 
(x)
 
･

where  e.(x)=Z;･.Y.i[max{O, -･(x)}]S+[{max{O, h(x. v)}1',  s>1  and  ">O.  We  know  that

the  objective  fimction Iil,," of  problem(SPI (v, tt)) is convex  (Bazaraa, Sherali and  Shetty

 [1], Chapter 9). It fo11ows from  the following lemma  that problem(SPI(v,u))  is solvable

for eyery  vE  V(SO).

Lemma  4.1 [9] Ilor evei:y  vER"  and  ll >O,  the  .Xitnction R,"  attains  its minimum  over  R"

. Denote by min(SPI(v,u))  the optimal  yalue  of  problem(SLPI(v, nc)), From  the defini-

tion of  g. min(SPI(v,  tL))<mgH(v)=+oo  if var,  In case  vEF,  since  Fv,sL (x) =fCx)

fbr any  xEYn  txER" : <ux> >1},

    min  (SPI (v, nc))=min{F.,"  (x) : xER"}

                  <min{F,,tt (x) : (v, x>>1,  xEY}

                   =min  if(x):(v, x>  ->.1,xEY} (6)
                                     '
                   =min  (SP (v) )
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                  =-g"(V)-

Hence, we  have the fo11owing relations  between problem(SLPI(v, pt)) and  relaxed  prob-

lems(P) and  (D) described in Subsection 3.1:

    min  (P) =min  {min (SP (v) ) : vE  F}

          >min {min (SPI (v. nc )) :vE  r} (7)

         2min {min(SPI (v. pt )) : vE  v(sO)} ,

and

    max  (D) =max  {g"(v) : vE  V(SO)}
                                                                       (8)
          <max  {-min (SPI (v, tt )) : vE  V(SU)} .

4.2 An  lnner Approximation  Algorithm Using  Penalty  Fumctions

An  inner approximation  algorithm  for problem(MP)  incorporating with  an  exterior  penalty

methed  is as  fo11ows:

Algorithm IA-P

Initialization. Choose a penalty parameter  "i>O,  a  scalar  B>1  and  s>1.  Generate a

    polytope Vi such  that ViCX  and  that OEint(co  Vi). Let Si=co  Vi. Compute  the

    vertex  set V((S])). Set kel  and  go to Stepl.

Step  1. For  every  vE  V((Sk)O), let xV  be an  optimal  solution  of  problem(SPI(v,"k)),

    Choose "Earg  min{Fv,ttk(x")  : vEV((Sk)  
O)}.

 Let x(k)  =x".

Step 2.

    a. Ifp(x(k))2}ILO and  r(x(k))KO,  then stop;  x(k)  is an  optimal  solution  of  problem

      (MP).

   b. Otherwise, for vk, solve  problem (2). Let zk  and  tokdenote  an  optimal  solution  and

     the optimal  value  of  problem (2), respectively.  Let

            lt.,= (::.f{Z.
k},;fo,tok<O･

and  let

           pt k+i-  (B,,',)t f,,`fg 
.Vi((.`E,k;

 )) =>,OJ

     Let Ste+i=co n+i. Compute  the vertex  set V((Sk+i)e).  Replace  k by k+1, and  retum

     to Step 1,

  From  the discussion of  Subsection 4.1, at every  iteration k of  the algorithm,  we  have

   f(x (k))-<.F", ",  (x (k))-<-min (Pk) .S(-min (MP). (9)

b'L,g
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Theorem  4.1 [9] At iteration k ofAigorithm L4-P, ifp(x(k))20 and  r(x(k))KO,  then

x(k)  solves  problem(MT').

  It fo11ows from the fo11owing theorems  that accumulation  points of  the sequences  {x(k)}

and  {"} are  optimal  solutions  of  problem(MP)  and  (DP),respectively,

Theorem  4.2 Let {x(k)} be an  it!finite sequence  generated  by Aigorithm L4-P. 71Jien, every

accumuiation  point I  qf ix(k)} solves  problem(MP).

Theorem  4.3 Let {vk} be an  injinite sequence  generated  by Aigorithm M-P.  7Vien, every

accumulation  point V  of {vk} solves  probtem  (DP) .

5 An  Exact  Penalty  Parameter of  an  Inner Approximution  Method  Using Penalty

  Functions

In this section,  we  assume  s=1  at  Initialization of  Algorithm  IA-P. Then, we  shall  show

that there exist  an  exact  penalty parameter A>  and  k  such  that for each  "}2  A  and  k>

k  every  optimal  solution  of  problern(SPI(V, pt)) solves  problem(SP(")),

  Let 9M  and  9D  be the  optimal  solution  sets  of  problems(MP)  and  (DP), respectively.

Lemma  5.1 Assume  that  Vf(x') =i=  O for some  x'E9M  71hen, for aay  orE9D,  b,ER" :

 <u, y>21}  nint ySe,

Proof. Since Vf(x') it  O for some  x'E  9M  Vf(x) =t=O for any  xE  9M; By  assumption(A4),

9MCbd  X[ From  the definition of  g and  g") g"(O)=msup{gCy)  :yER"}=-oo,  that is,

Oe9D.  Hence, g"(u)=-inf{g<y)  : (u, y>>1}=Tinf{f(y)  : <u, y>21,  yEY}  fbr any  u

E  stD, Since max(DP)>rOO,  {yER" : <u. y>21}  n9M#O  for any  uE9D,  i.e., there ex-

ists x(u)  E9M  such  that <u, x(u)>>1.  Moreover,  since  9DCX"  and  9MCbd  XAX  for

any  uE9D.  XC  {yERn 1 <u, y>Kl}  and  [yER" : <u, y> =1}

 is a supporting  hyperplane of

X  at x(u).  Therefore, by assumption(A5),  {yER" 1 <u, y>>1}Aint  Y=l=O fbr any  uE9D.

                                                                D

  For  any  uE  (Si)"Xint YO, let 9<sp(u)) be the optimal  solution  set of  problem(SP(u)).

LeMMa  52  9M=i.Y..9(SP(u))'

Proof. We  shall show  that 9M:)UuEoD9(sp(.)).  Since 9DCXO,  U.EnD9(sp(.))CR"XXint

X: From  the definition of  gHl g(x)=+oo  fbr any  xaY,  so  that OER"  is not  optimal  to

problem(DP). Hence, from the  duality of  problems(MP)  and  (DP), we  get that for any

uE9D,

    min  (ne) =  ne max  (DP)
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=-g"(U)

          =inf{gCx)  : <u, x> )}rl}

          =infif(x)  : <u, x>  ±>-1, xEY}

          =min(SP(u)).

Therefore, g]MDUuEg)D9csp{u))･

  Conversely, since  9MCR"Xint  X; for any  x'E  9Ml  there exists  u'EX  such  that  <u; x'>

>1, Then, we  have g"(u)Kmax(DP)  and

   g"(u)  =-inf{g(x)  : <u: x>Sl}

        )}l-gix')
        =  -  min  (MP)

        =max  (DP) .

Hence, we  get that u'E2D  and  inf{g(x) : <u;x>2}ll}=g(x'). Since 9MCYand  inf{g(x) :

 <u', x> T>ml}=infY'(x) : <u; x>  ->.1, xE  Y}, x'  is an  optimal  solution  of  problem(SP(u')),

Therefore, QMCuEgD9{sp(u))･  []

ft'#

Lemma  5.3 Assume  that Vf(x)  
:#Ofor

 some  x'E9M  711ien, for aay  uE9D,  9(sp(u))C {x
ER"  : <u, x> =1}.

Proofi Since Vf(x') =l=O
 fbr some  x'E9Ad;  Vf(x)  

=;=O
 for any  xE9M,  From  Lemma  5,2,

Vf(x)  
=t
 O for any  uE9D  and  xE9csp(.}),  Assume  that ftG' trER" : <ft, x>  =1}  for some

abE9D  and  foE9{spil)). Since O, abG}1 <ab. O> =O<1
 and  <it, l>>1,  we  get that there ex-

ists SE  {xEY: <it, x>  
=1}

 A1O,  l[. Since fa) )lf(O),  from assumption(A4)  and  the  con-

vexity  off  f<y) 9(S) fbr any  yE]O.  i[, This implies that ftr)9Ci). Since SE  {xEY:

 <ft, x>  ))!1}, this contradicts  the optimality  of  fr to problem(SP(fi)). Consequently, g'2 <sp(.))

C{xER":  <u, x>  =1}  for any  uE9D,  D

  For any  uE  (S])OXint Y] let Y(u) ={xEY:  
-

 <u. x>  +1:<O},  Then, Y(u) is the feasible

set of  problem(SP(u)), Moreover, let r(u,  x)  
=:max{ny'(u.

 x)  :J'u-1,,.,, tpt1} where  o'(u,

x)=4'(x),  J'=1,...,t/ and  rtr+i(u,  x)=un  <u, x>+1,  and  let axr(u, x)=co(Vr]  (x),...,
rtr(x),-u).  Note that Y(u) ==  {xER" : r.(x)<O}.

Lemma  5.4 Eor  aiv, uE9D  and  xEbd  Y(u), Oeaxr(u,  x).

Prooe  From  Lemma  5,1, for any  uE9D,{yER"  : <u, y) tml}Aint Y=#e. Hence,  by

assumption(A3),  for any  uE9D,  there exists  y(u)EY(u)  such  that r(u,y(u))<O.  Since

r(u,  
")

 is a  convex  function for each  u,  for any  yEbd  Y and  aE  axr(u, y), we  have

   O>r(u,y(u)  ) t )}tr(u,y) +  <a.y (u) Ly>  =  <a,y (u) -y>  .

The  proof is complete,  []
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Lemma  5.5 Let TCR"Xint  Xsatidy  that(int Y) n  {xER" : <u, x>21}  l]fi for all  uET.

Tken, 9cst)(u)) is upt)er  semicontinuous  over  T.

Proofi Sincefis  continuous,  Y is a closed  set and  Y(u)=cl{xEY:  <u. x>>1}  for any  u

ET,  the point-to-set map  9cst,(u)) is closed  on  T. Moreover, from the definition of  T,

for any  uE  T, there exists xuEint  Y such  that <u,xu) >1. Then,  there exists  a  neighbor-

hood N(u)  of  u  such  that <u: x.>>1  for any  u'EN(u)  nT.  Therefore, min(SP(u'))K

f(x.) for any  u'EN(u)  nT,  so  that Uu･EN(.)nT9(sp<u))C  {xER" :f(x).Kf(xu)}.  From

assumption(A2),  {xER" :f(x)Kf-(xu)}  is compact.  That is, 9{sp(u)) is uniformly  compact

and  upper  semicontinuous  on  T. D

Lemma  5.6 Tlie point-to-set map  UxEQ(sp(.>)axr(u, x)  is upper  semicontinuous  over  T.

Proofi  We  shall  show  that for any  ilET  and  E>O,  there exists  6>O  such  that

   ...U..,

 axr(U,X)C(..I:.,.,axr(iZx))+ECL VuEBGz6),  (lo)

where  U  is the Euclidean unit  ball in R". Since S7e(x)  9=1,,.., ty) are  continuous  on  R",

for any  iE  9(st,va)), there exists  ai  or)>O such  that

    li V,)･Cx)-Y',7CI) ll<E,j-1,,.. tn VxEBCil  ai(X)).  (11)

Let Ji(5i)=V  : b･(iZ" =rGi]M,  J'=1...., trt1}, and  Bi: =max{b･Gili)
 :]'E {1,.... tr+1} ×

XiCD}<r(iZM. Then, since  r(iZx)  and  ty(ii)x). j--1,.., tk are  continuous,  there exists

 cr 2 (i) >O  such  that

           1 1
     r(iLx)>-(r(iZi)+BD  and  max  ty(iZx)<-r(ii;I)+BD,
           2 jEn.,t"v.en  2 (12)
                                  VxEB  (Z az  (D).

Moreover, since  (','> is continuous  on  R"XR",  there exist  a361)  >O  and  6i>O  such

that
                      1
     rtF+i(u,x)=-<u.x>+1>r(r(iZI)+Bi)  VxEB(1a3(I)),  uEB(iZ6i)nT

                      2
                                     if ty+1 Etllt Gl) ,
                      1 (13)

     rtrfi(u,x)==-<u,x>+1<EirGLI)+Bi)  
VxEB(Za3(I)),uEB(il,6i)nT

                                     otherwise.

 Let a  Ci)==min{criCi). a2Cf),  a3ca}.  From  assumption(A2),  9(sp(m)  is compact,  so

 that there exists  Jli....,ILE 9(st](m) such  that

             L

      9(spcin)CUB(Y,cr  (If))C U  BCI) ev CX)). (14)
            i=1 JEntreE,

 By  (14), there  exists  a>O  such  that
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             L

     9(sp(m)+aUCB(Xi,a(ii))C  U  BCii,cr (I)). (15)
             t=1 xEOtwm

From  Lemma  5.5, 9(st,(u)) is upper  semicontinuous  on  T. Hence, there exists  6 2>O  such

that

     9(sp(.))C9tspGD)+a[L  VuEB(iL62)nT.  (16)

Let 6=min{6i,62,E}.  Then, 11 u-iiH<E  for any  uEB(iZ6)nT.  By  (11), (12),

(13), (14), (15) and  (16), fbr any  uEB(iZ  6)nT  and  xE9(st)(.)),  there exists  IE

t2 (sp(io) such  that

     11 vrp･ (u,x) 
-vo･

 ca',n H<E,  j'-1,..., ty+1.  (17)

and  that for all y'E {1,..., ty+1},

           1
     b･(u,x)>m(r(ii)k)+Bi)  ifjEjZiCt),
           2
                                                           (18)
           1
     ,:i(u,x)  <-  (r(ii)l) +  Bs) etherwise.

           2

By  (18), Jl (x) CJi(k). Consequently, axr(u,x) CaxrGZdr)+  E U

Lemma  5.7 Assume  that Vf(x) =t=O
 for some  x'E  9M  Then. the following assertion  hoids:

     inf I Ii w]1  :wE..u..  (..t!... a.r(u,x))1 >o.

Proofl It fbllows from assumption  (A2) that 9(spcii)) is compact  fbr each  fiE9D.  Hence,

UiE  9  (sp(ii))(axrGi]x)) is compact  (Rockafe11ar[7], Theorem  24.7). Hence, from

Lemmas  5.3 and  5.4,

    infI][w1[ :wE..  
.U..,.,
 axr (ii,x)l >O  (lg)

For any  iiE9D, let E(iD=(112)infUlwll  : )vGUxE9{sp(u))axrGi)x)},  From  Lemma

5.6, fbr any  

'u-E
 9D, there exists  6 (ii) >O  such  that

     u  (a.r(u,x))c u  (a.rCu-.x))+EGi)cL vuEBGz6(iD)ngD.
   IEnts.-)  -EO"e"t/

From  the compactness  of  9D, there exists  fii.....iiLE9D such  that

       L

     9.UB  (il.6 (il)). (21)
       i-1

By  (20) and  (21), we  have

    ..U,,.

 (.. 
.U..

 axr (u,x) ))C 9.,( 
..Y,

 
um

 (a xr  Gii ,x))+E  cat)u> (22)

Let E=min{E  GD :l=1,.,., L}>O, Then, we  have
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     E Ufi (E.l, (..W.,., (axr G)'`,x) ) +  E (iiE) u) )==e.
The proof is complete.

Theorem  5.1 there exists A).}r..O such  that for aay  uE9p  andxE9(s7)(v)).  there

A (u,x)j->OCi=1,..., ty+1) satisy1,ing

      max  A (u,x) jE{ A,
     j'1..tr+1

          tr

     Vf(x)  +  £  1 (u,x)jV o' (x) -  1 (u,x) tfiiu  ==  O,
          J-1

     A (u,x)jo'(y)=09=1.... ty) and  A. (u,x)tpti(- (u,x>+1)=O.

D

exIStS

(23)

(24)

(25)

Prooft Note that for each  uE9D,  problem(SP(u)) is a  convex  programming  problem.

Hence, for any  uE9D  and  xE9<sp(u)),  there exist  A (or,x)j->09=1,..., ty+1) satisfying

conditions(24)  and  (25). In case  Vf(x)=O  for some  or'E9D  and  x'E9(sp(u･)),  Vf(x)=O

for any  uE  9D  and  xE  9  (sp(u)), Then, A. (u,x)j=O9=1,,.., tr+1) satisfy  conditions(24)  and

(25). Therefbre, A=O  satisfies condition(23).

  In the other  case,  for any  uE9D  and  xE  g2 (sp{u)), since  x  is an  optimal  solution  of

problem(SP(a)) and  problem(SP(u)) is a  convex  programming problem, 
L

 Vf(x)  ENy(")

(x). By  assumptions(A3)  and  (A5), we  note  that fbr any  uE9D  and  xEg2(sp(u)},  Nr(w)

(x)=[yERn :y=Aw,  120,  wEaru(x)}.  From  Lemma  5.2, we  have UuE[2D9{sp(u))=

9M; that is, UuEgD9(sp(u)) is compact  Let aA..=={11  Vf(x) !1 :xEg)M}>O.  Since V

f(x) =f=O
 fbr any  xE9{sp(y))  and  uE9D,  9csp{.))C bd Y(u). Hence, by Lemma  5.7,

     inf ( ll w  11 : wE  
..U..

 (..:..,..ar" (X)) l >O'
Let ainf=infl[wIl  :wEUuEg2D(UxEn(sp{.))aru(x))}>O  and  a=alaxfainf>O.  Then,

we  note  that fbr any  uE9D  and  xE9(sp(u)),

     
-

 vf(x)  E  b,cRn :y=Aw,  O<-AK  cr, wE  ar. (x)},

and

     {y ERn  : y=  X w,  O-<. A .f{.g-. a,  wE  a r. (x)}

               tt

   =  b?ER" : y=  A E ncjVny (x) T"t.Fiu,  Os(-AKa,
               i-l

                ty`'1

                2 paj--1, tt,･->O, J'=1,... tv+1}
                j=1

              ty

   C  {yER" :y= £  AjVry (x)-At.Fiu, OKhj-<a,  J'=1,". ty+1}･

             J=1
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This  implies that A==a  satisfies condition(23).  []

Lemma  5.g Let {f} be generated  by Aigorithm  L4-P. Assume  that Vf(x') =l=O  for some  x'

E9M  71hen, there exists  W such  that In  {xER" : <vk,x>21} 
=t=g

 for all k21Z

Proofi Since {"} C  (Si)O and  (Si) is compact,  without  loss of  generality. we  can  assume

that {vk} converges  to 
'vT,

 By  Theorem  4,3, VE  9D. From  the assumption  of  this lemma  and

Lemma  5.1, for any  uE9D.  b?ER" : <u.y>21}n int Y#  e. Hence, there exists  XE  {yE
Rn:  <IZy>>1}n int Yl Then, we  have

   lim <V,1!i> =  <ilfo> >1.
   Hco

That is, there exists  k  such  that <vk k> >1 fbr all k>R.  The  proof is complete.  [)

Theorem  5.2 Assume  that s=1  at  Ihitialization ofAigorithm M-P.  7;hen, there exists  I  such

that  e"(x(k))=O  for all k2}ln Fleirthenmore, for all  k))tve, an  optimal solution  x(k)  qf'

problem  (SPI (vL pt k) ) solves  problem (SP (v") ) .

Proofl In case  Vf(x')==O for some  x'E9D,  from  assumption(A4)  and  (9), it follows that
for all  k f(O) =f(x

 (k) ) =

 Flk, .,tr  (k) ) -=min
 (SPI (", nc k)  ) ==min(MP)

 . Since "  k e "(x)>O

for any  xeY(V).  FIE.,(x)ofix)+Mke"ix)Z(O)+"ke"ix)of(O)  for any  xeY(V).

This implies that Y(vk) ]t=e

 and  that preblem(SPI(E  nck)) is equivalent  to the following

problem:

        (g:.}ibj

'i,m,iz,e,

 
.Fl.kNfJ(SxL)).･

 (26)

Moreover, since  F",.k(x)Ef'(x) for any  xEY(vk),  problem(26) is equivalent  to problem

(SP(")), that is, problem(SPI(", nc k))  is equivalent  to problem(st'(")) for all k21.

  In the other  case,  since  {"} C  (Si) and  (Si) is compact,  without  loss of  generality, we

can  assume  that {vk} converges  to V, By  Theorem  4.3, 
'v-E9D.

 From, Lemma  5.1, {xE
R":  <llx> 21}n  int Y=t=O. Let x'E  {xER": <ilx> >1} fi int Z  Then, there  exists  6i>O

such  that <u,x'>>l for any  uEB(ii6i),  so  that  {xER": (u,x)>1}n int Y=#O  fbr any

uEB(ii  6 ]).  Let W(u)  
=max{<u,x>

 :f(x)  
=if(O),

 xE  Y}. Then,  since  Vf(x)=O  fbr any  x

E  trER" :f(x)  ff'(O), xEY}  and  Vf(x)  
=#O

 for any  xE9(sp(.)),  from  the convexity  off

"lf
 GJ)<1. From  assumption(A2),  {xER" :f(x)=Ef'(O),  xEn  is cempact,  Therefore, "lf is

continuous.  Hence, there exists  62>O  such  that W(u)<1  fbr any  uEB(iZ62),  so  that

{xER" : <u,x>>1} fi {xEY:fCx) tf(O)}=e for any  uEBGI  di 2).  Let 63==min{6i,

62}. Then, Q(sp<.))C bd Y(u). Oaa.r(u,x)  and  Vf(x)  =t=O  for all  uEB(vL,  63) and  x
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E  9  (sp(u))･

 Now,  we  shall show  that for any  E>1,  there exists  I(E)>O  such  that fbr all k>k

(E) and  xEQcspv)),  there exists  A. (vex),-->O9=:1,..., ty+1) satisfying  conditions(24),

(25) in Theorem  5,1 and

      max  X (",x)jK E A.
     J'=1,., t:+1

where  A  satisfies  condition(23)  in Theorem  5.1, Let

     a  (u>Xa.=max{ li Vf(x) 11 :xE9(sp(u))},

      a (u),nf=inf ( ll wll  :wE  
...Utw.,

 axr(u,x) l ･
Then, we  get that a  (u):ax>O and  or (u)inf>O for any  uEB(il63).  From  Lemma  5.6,

since  UxEQ(sp(.)> Oxr(u,x) is upper  semicontinuous  on  B(V)63),  there exists  6i(E)>

O (6,(E)f{g6,) such  that

                                 E-1

    ..

 
,U...

 axE  9  (SP (u))(I (..W 
,M
 axr (u,x) )+ 

E+1a
 (V) infUl  VuEB  GL 6 i ( E )). (2s)

Moreover, by Lemma  5.5, 9(st)(u)) is upper  semicontinuous  over  B(iJl 63), so that there

exists  62(E)>O(62(E)<63)  such  that

                       E-1

     Vf(")E(..:l..,  Vf(X))+E+1a  (")AaxLl VuEB6Z62(E))and  xE9(sp(.)).  (2g)

Let 6(E)=min{6i(E),62(E)}.  From  the proof of  Theorem  5.1, we  obtain

     a  M:ax
           <A  (30)
     aMinf-

By(28),  (29) and  (30) fbr any  uEB(V,6(E)),

     :g')l.ax,<aa(ts)i..axr+S'l.a((iV)i)be,=22E.a((iV)D'IXaxnvKEA (31)

Therefore, for any  E>O,  there exists k(E)>O  satisfying  condition(27).

  In order  to obtain  a contradiction,  suppose  that there is no  k such  that ¢ "ir(k))==o  for

any  k>tk  Without  loss of  generality, we  can  assume  that ¢ "(x(k))>O  fbr all  k. Then,

lirnk-oovk=V and  limk-coptk=+oo.  Hence, there exist  E>O  and  k(E)>O  such  that

 EA<pLk(E)  and  {vk}k2k<E)CBGI6(E)). This implies that for all k>k(E),

     max  A(vk,x(k))KEAK"k.  (32)
    j=1..  tr+l

Then, for any  k2k(E),  an  optimal  solution  x(k)  of  problem(SPI(vk, ptk)) solves  prob-

lem(SP(vk))(Bazaraa, Sherali and  Shetty [1], Chapter 9, Theorem  9.3.1), Hence, eLk

(x(k))=O for all  k>k(E).  The  proof is complete.  []
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富 山短 期 大学紀．要第 三 十 六巻

6　Conciusion

In　this　paper，　we 　show 　that　there　exists　an 　exact 　penalty　parameter　of 　an 　inner　approxima −

tlon 　 method 　proposed　by　Yamada ，　Tanino 　 and 　Inuiguchi ［9］．This　implies　that　f（）r　 a　 suf ：

ficiently　large　 penalty　 parameter 　μ L ＞0
，
　 an 　optimal 　 solution 　of　 the　 reverse 　 convex

programming　 problem　can 　 be　 obtained 　 by　executing 　 the　 lnner　 approximation 　 algorithm

using 　penalty　fUnctions　without 　replacing 　a　penalty　parameter μ k ＞0．
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　　　　　 逆凸 計画 問題 に対 す る 内部近似法 の 正確 な ペ ナル テ ィ パ ラメ
ー

タ

　　　　　　　　　　　　　　　　山 田 修 司 　谷 野 哲 三 　乾 口 雅 弘

　　　　　　　　　　　　　　　　　　　　 概要

　本研究で は
，

コ ン パ ク トな凸集合 の 補集合を制約 に持つ 逆 凸計画問題に つ い て考察す

る。集合 X が 凸多面体 で な い 場合の 逆 凸計 画 問 題 に対 して，内部近似法に 基づ く逐次近

似解法が Yamada ，　Tanino　and 　Inuiguchi［9］ に よ っ て提案 され て い る。本研 究で は
， そ

の ア ル ゴ リズム に 対 して 正 確な ペ ナル テ ィ パ ラ メータ の 存在性を示す。正確な ペ ナル テ ィ

パ ラ メ
ー

タ の 存在性よ り，アル ゴ リズム の 各 反 復 にお い て
，

ペ ナ ル テ ィ パ ラ メ
ー

タを 更

新せ ず に 逆凸 計画 問題 の 最適 解が 得 ら れ る こ と が わ か る。
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